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Upper bounds for u + x and ax are proved, where u is the domination number and x the 
chromatic number of a graph. 
1. Introduction 
There is a “complementarity relation” between the domination number (I: and 
the chromatic number x of a graph which cannot be immediately seen from the 
definitions. This can be expressed by inequalities to be proved here. 
All graphs considered are finite and undirected (without loops or multiple 
edges). As usual, G is a graph with p vertices; 6 and A denote its minimal and 
maximal degrees. 
2. Theorems and proofs 
Theorem 1. For all graphs G 
a+Xsp+l 
with equality if and only if G z KP. 
(1) 
Proof. The well-known inequality by Brooks [3] 
x<A+l (2) 
and 
asp-d (3) 
([2], p. 304) imply (1). In (2) equality holds if and only if G = KP or G is an odd 
cycle. For C5, C,, . . . we have a= [p/3] andX=3, so that a+~~p. 0 
Theorem 2. For all connected graphs G with p 3 5 
P2 
OX<--. 
4 
(4) 
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Equality holds if and only if G consists of a KPn (p even) each of whose vertices 
is connected with an endvertex. 
Proof. The odd cycles C,, C,, . . . are handled separately as before. If G is 
neither an odd cycle nor the KP (with ax = p) then x < A, and multiplication by 
(3) yields 
ax s A(p - A). 
The unique maximum is.assumed for A =p/2, and (4) is proved. 
Equality in (4) can hold only if 0 = x = p/2. According to Fink et al. [6], all 
connected graphs G with p 3 5 and cr =p/2 consist of a graph G’ with p/2 
vertices (p even) such that each vertex of G’ is connected with an endvertex 
outside G’. The additional requirement x = p /2 is fulfilled only if G ’ s Kpns and 
this leads to the exceptional graphs as in the assertion. Cl 
Theorem 3. If G is a regular graph with p 2 5 then 
ax s &p” (5) 
with equality if and only if G = C,. 
Proof. The proof is trivial for p = 5, and also for A = 0, 1,2, p - 1. Hence it will 
be assumed that pa6 and 3<A<p - 2. Several cases are distingushed with 
respect to A. 
Case 1. 36 A< 12~125. 
Following [6] again, 0 <p/2, and with x < A G 12p/25 strict inequality in (5) is 
proved. 
Case 2. 12~125 < A <p/2. 
First, let p =6. Then G=Eor G=&, with a=2 and ax~p. Forp=7 no 
integer is contained in the interval. For p 3 8 we have A 2 4. An inequality by 
Arnautov [1] can be applied: 
In&+1 
cJc S+l p 
The abbreviation A(6) = (ln 6 + l)/(S + 1) will be used; A(S) is monotonically 
decreasing as 6 grows. Now A 2 4 and 6 = A lead to A(4) C0.4773, and with 
x <p/2 it follows that ax < 0.2387~~ < 6p2/25. 
Case3. p/2sAsp-2. 
Erdos and Gallai [4] proved that all regJar graphs with A s p - 2 have x s 3p/5. 
First, let 0 = 2; then ax d 6p/5 < 6p2/25. The graphs with p = 6,7 are already 
done with, because in these cases o = 2. Then ci 2 3, and an inequality by Marcu 
[7] can be used: 
Domination number and chromatic number 
With S 3 p/2 this yields 
153 
0-s p+2 I 1 4 
and 
For p 2 8 the latter expression is always less than 6p2/25. Cl 
Remarks. It can be taken from details of the proof that for p > 6 the coefficient 
6/25 in (5) cannot be essentially improved. Theorem 1 cannot be derived from 
the classic result by Nordhaus and Gaddum [S] 
X(G) + xm s P + 1 (6) 
(where G‘ is the complement of G) together with CJ 6 x(c). According to Finck 
[5] there is a broad class of graphs for which equality in (6), and hence in (l), 
would hold. Theorems 2 and 3 are stronger than those inequalities which can be 
obtained from Nordhaus-Gaddum formulas. 
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